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Theoretical Analysis of Unidirectional Operation
and Reflection Sensitivity of Semiconductor
Ring or Disk Lasers

Geert Morthier, Senior Member, IEEE, and Pauline Mechet, Student Member, IEEE

Abstract— We theoretically and numerically analyze the uni-
directional behavior of ring or disk lasers coupled to a bus
waveguide with a relatively strong reflector on one side and find
analytical expressions for the ratio of the powers in clockwise and
counter clockwise modes. At low bias levels, this ratio depends
on the coupling coefficients that determine the coupling between
clockwise and counterclockwise modes, whereas at high bias
levels it also depends strongly on the gain suppression. We also
theoretically and numerically investigate the feedback sensitivity
of such lasers and come to the conclusion that ring or disk
lasers are generally much more sensitive to external reflections
than traditional Fabry-Perot, DFB, or DBR lasers. At high bias
levels, the feedback sensitivity also depends strongly on the gain
suppression, and at high enough power levels, it can be better
than that of traditional edge-emitting lasers.

Index Terms—Ring lasers, microdisk reflection

sensitivity, unidirectional operation.

lasers,

I. INTRODUCTION

EMICONDUCTOR ring or microdisk lasers have been

studied extensively in the past decade, a.o. because of
their suitability as bistable lasers for optical switching or signal
processing applications [1], [2], but also owing to their easy
incorporation in photonic integrated circuits. Indeed, ring or
disk lasers don’t require reflecting facets or diffraction gratings
and can be relatively easily fabricated. Using heterogeneous
integration, microdisk lasers with very low threshold current
and arrays of microdisk lasers, all coupled to the same
bus waveguide, have been demonstrated, making these lasers
good candidates for the light sources of e.g. on-chip optical
interconnect [3].

Recently, there have been some reports about unidirectional
operation of ring or disk lasers coupled to a bus waveguide
with on one side a strong reflection and on the other side a
weak or no reflection. In [4], such unidirectional operation
has been qualitatively demonstrated using camera images of
the light scattered by the waveguide roughness. In [5], a more
detailed experimental and numerical analysis is presented for
heterogeneously integrated microdisk lasers coupled to a bus
waveguide on one side of which an almost 100% reflecting
Bragg grating was designed.
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In this paper, we theoretically analyse the unidirectional
behaviour starting from the coupled rate equations for the
clockwise and counter clockwise mode and we demonstrate
that, at low bias, the ratio of the powers (or photon numbers)
in the clockwise and counter clockwise modes is equal to the
ratio of the coupling coefficients that quantify the coupling
between clockwise and counter clockwise modes. At high bias,
this ratio is even larger and depends on the gain suppression.

From the same analysis, we can furthermore extract the
reflection (feedback) sensitivity of such unidirectional ring
lasers. We obtain that the change in threshold gain and optical
frequency of ideal unidirectional ring or disk lasers, due to
an external reflection is proportional with the square rooth
of the external field reflection, in contrast with Fabry-Perot,
DFB and DBR lasers for which the changes in threshold
gain and frequency are proportional with the field reflection.
Semiconductor ring lasers are therefore generally more sensi-
tive to external feedback than Fabry-Perot or DFB/DBR laser
diodes.

Below we first give a theoretical derivation that allows to
derive the ratio of the powers in the clockwise and counter
clockwise directions. We then proceed to derive, from the same
analysis, some useful expressions for the feedback sensitivity
of ring or disk laser diodes. Studies of the feedback sensitivity
or ring or disk laser diodes have not been reported so far.

II. UNIDIRECTIONALITY OF A RING OR DISK LASER
COUPLED TO A STRONG REFLECTOR ON ONE SIDE

A. Coupled Rate Equation Model

We start from the coupled rate equations for the complex
field amplitudes Ecw and Eccw of the clockwise and counter
clockwise propagating laser modes respectively [6]:

dEc 1 . 1
Y = ~(+ja)| G~ —|Ecw+KiEccw (1)

dt 2 Tp

dEccw 1 . 1
——— =z(0+ja)|G——|Eccw+ K2Ecw. (2)

dt 2 T

We express the electric field amplitudes Ecw and Eccw of
clockwise and counter clockwise mode respectively and the
coupling coefficients K; in terms of their amplitude and phase:

Ecw = vScwexp(jocw), Ecw =Sccwexp(joccw)
K; = |Ki| exp (jdi) 3)

o is the linewidth enhancement factor, G the modal gain per
unit time, and 7, the photon lifetime of the cavity without
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Fig. 1. Schematic structure of a ring laser coupled to a bus waveguide, with
a reflecting Bragg grating on one side.

the coupling between clockwise and counter clockwise modes.
We have normalized the optical fields such that their squared
amplitude is equal to the photon number S.

The coupling coefficients K; are the total field reflection
(including phase) seen by the CW or CCW mode divided by
the roundtrip time of the ring or disk under consideration.
They include scattering due to sidewall roughness as well as
reflections from facets or gratings in the bus waveguide. We
can now decompose the equations for the complex electrical
fields into an amplitude and phase equation. We consider
the static case, for which the field amplitudes (and photon
numbers S) are constant in time. Important in ring or disk
lasers is that the gain for the CW and CCW mode experiences
different gain suppression, i.e. [6]

Gew = Go(N) /[1 + €Scw + 2€Sccew]
Geew = Go(N) /[1 +2eScw + €Scewl] . 4

This gain suppression is typically symmetric around the
laser line, such that there is no effect on the refractive index
(or on the phase). Eqgs, (1) to (4) can be combined to obtain
(with A¢ = pcw-¢pccw and Scw/Scew = p1?):

1 K
Go/[14+¢eScw +2eSccw]l=— — Z%COS (Ap — ¢1) (5)

Tp

1
Go/[14+2eScw+eSccwl= - 2Kz | ucos (Agp + ¢2)
P

(6)
docw —Ap=? (Go _ i) — |K71|sin (Ap—¢1) (D)

dpccw _ a,_a(

1
- K in (A 8
T > Go . )+| 2l usin (Ap+¢2)  (8)

p

B. Unidirectionality Without Gain Suppression

In a ring/disk laser coupled to a reflector on one side of
the bus waveguide, as shown schematically in Figure 1, one
can assume that K; is due to sidewall roughness and residual
facet reflection, while K; also includes reflection from the (e.g.
Bragg) reflector in the bus waveguide and is thus much larger
than K. With x being the coupling between the ring/disk
and the bus waveguide and r; the field reflection in the bus
waveguide, one can write:

Ki = K» + x> Lo 9)
1= 2 7Z'Dg

D is the diameter of the ring/disk and v, the group velocity in
the laser cavity. r; should also include the phase delay due to
propagation between the ring and the reflector (being a facet
or Bragg grating e.g.).
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We will first derive u from the equations (5)-(8) for bias
currents close to the threshold current, when the gain suppres-
sion can still be neglected. From (7) and (8), one finds that:

|Kilsin(Ap — ¢1) = — K2l i’ sin (Mg + o) (10)
While subtracting (5) and (6), for ¢ =0, gives:
Kilcos (Ap — ¢1) = [Ka| i’ cos (Ap +¢2)  (11)
Dividing (10) and (11) then results in:
tan (Ap — ¢1) = —tan (Agp + ¢2),
or Ap = 2 ;’52 +mz (m =0, 1) (12)
Substituting A¢ in (10) or (11) readily gives:
2_ Sew _ 1Kl (13)
Scew  |K2l

Which shows that the powers in the clockwise and counter
clockwise modes are in the same ratio as their respective field
reflection coefficients. For the threshold gain, one easily finds:

Go = LR 2/1K1K2| cos (mn—¢1 42”,52) (14)

Tp

The value for m (0 or 1) that gives a positive cosine has to
be chosen as it is the solution that results in lowest threshold
gain. For the frequency deviation, we find from (7) or (8):

Aw = —/|K1K>| ia cos (mn—@)

+ sin (mﬂ—@) ]

Ao = —/|K1K3| (1 +a?) sin (m;r—gzsl —;—qﬁz —+—tan_1a)

5)

A typical value for K, is 6.28 109 s~! (see [2]). For a
microdisk laser with a 10 um diameter, a group index of 3
and 2% of coupling between the disk and the bus waveguide,
we find for K; the value 0.02 10'pum/s/(z10um) =
6.36 10'0 s~ This gives a ratio |K{/K| of about 10.

C. Influence of Gain Suppression: Low Power Limit

At higher bias currents, one also has to include the gain
suppression. Equation (10) doesn’t change in this case, but
equation (11) must be replaced by (with &’= ¢/(143&Scw)):

¢'Go (Scw—Sccw) = 2Kz | pcos (Ap + ¢)

2
—;|K1ICOS (Ap — 1) (16)
sin[2Ap + ¢ — ¢1]
¢'Go (Scw—Sccw) = 2 |Ka| p - Pt ¢
sin[Ap — ¢1]
~ ¢'GoScw (17

We now consider the case with u > 1, ie. [K{| > |Ko,
and thus can neglect Sccw. To take into account the gain
suppression, we introduce the approximations:

> Kyl é1— ¢

—— (1 46) and A(o:T—i-é(o

= 18
2 K| (18)
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Fig. 2. Ratio of power in CW and CCW modes, obtained from a numerical
solution of the coupled rate equations, for a microdisk laser with coupling
coefficients K; =6 10!1%s~! and Ky = 6 1091, (#) for (¢1.¢2) = (0, 0)
and ¢ = 2 10718 cm3, (M) for (¢1,0) = (0, 0) and ¢ = 1 10718 cm3,
and (A) for (¢1,¢2) = (0, 7/2) and &€ =1018 cm3. The dashed lines are the
approximation as obtained by (20).

with J and d¢ being small. Substituting these expansions in
(10) allows to express dp as

op =

¢1+¢2)
2

—t
> an(

Substitution in (17) gives:

&' GoScw cos (mn—@) =20VIK1|1K2| (19)
And thus:
¢'GoScw cos (mn—@)
2V 1K1 1Ko |

2 |K1|
K|

Aw = ¢'GoScw

[IK1K2| (14 a?

(20)

For a numerical example, we consider again the microdisk
with a 10 um diameter, for which |K;| and |K;| are
6.36 10' s7! and 6.36 10° s~! respectively. In Figure 2,
we plot the values of u? obtained for two different values
of g, 6 =1 1078 cm3 and ¢ = 2 10718 c¢m3., and for
(¢1,92) =(0, 0) and (¢1,¢2) = (0, m/2) respectively. The
solid lines with symbols represent the values obtained from
a numerical time domain simulation of the coupled equations
(1), while the dashed lines represent the values obtaind using
(20). The approximation can be made even better by replacing
Scw by Scw(1- Ka/Ki| ).

For the special case ¢; + ¢» = =, and for ¢ = 0,
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Fig. 3. Ratio of power in CW and CCW modes, (ll) obtained from a
numerical solution of the coupled rate equations, for a microdisk laser with
coupling coefficients K1=6.36 103s~!, and 3.18 108s~!, and (-) obtained
from expression (23). ¢ = 10-18 cm3.

u? =|Ki/K,|, we obtain from the time domain numerical
analysis a self-pulsating behaviour irrespective of the value
of &.

It is emphasized that the above approximations are only
valid as long as ¢ is small, i.e. as long as ¢GoScw <

QVIK1TK2]).

D. Influence of Gain Suppression: High Power Limit

For high power levels or low coupling constants K; and K»,

one has ¢GoScw > (24/|K1||K2]), and in this case we can
assume that ,u2 > |K1|/|K2|. From (10), it then follows that:

Ap+¢r=0and Ap —d1 =~ (b1 +¢,) (2D
Substitution in (16) gives:
2
¢'GoScw = 2 |K>| ﬂ—; |K1|cos (1 + ¢2) (22)

with solution in (23), as shown at the bottom of the page.

Figure 3 shows 2 obtained from a time domain numerical
solution of the couled wave equations (1) up to higher current
levels for the case, K; =6.36 108 571, K, =3.18 103 s7!, and
¢ =10"18 cm3 as well as the results for currents above 2.5mA
obtained using (23). Although the ratio K;/K; is only 2, one
obtains much higher 1 values and they correspond quite well
to the values obtaind using (23).

III. REFLECTION SENSITIVITY OF IDEAL
RING OR DISK LASERS

In a Fabry-Perot or DFB laser of length L, with one 100%
reflecting facet and one partly or non-reflecting facet, the
feedback sensitivity parameter C can be expressed as [7], [8]:

one finds from (11) that A¢p — ¢ = £ =#/2 and thus 2 VK 24
cos(A¢ — ¢1) = 0. Although one finds from (10) that (Gl =7 dendl VK, 24
_ &/GoScw++/ (6/GoScw)?—8|Ka|e'GoScw+16/KoKi [cos(¢1 + ¢2) _ €'GoScw
g 41Kz 21K
21K K
Ao = GoSewt 2 K1K2l (1+ a2)sin (¢1 o —tan—la). (23)
&'GoScw
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with aengl being the normalized facet loss and K, the lon-
gitudinal Petermann factor. For a Fabry-Perot laser with one
100% reflecting facet, one can write:

ICle 1= (rp)?
Oendl  —121n (12)

(25)

The change in optical pulsation Aw due to an external field
reflection re is given by:

Aw =|C| |re| v 14+a?sin (wre—tan_1a>

Obviously, (24) implies that the reflection sensitivity of a DFB
laser is, apart from a possibly different K, factor, identical
to that of a Fabry-Perot laser with identical facet loss. In
what follows, we will therefore only compare the reflection
sensitivity of ring lasers with that of Fabry-Perot lasers.

(26)

A. The Low Power Limit

From (20), we can derive that for a perfect ring or disk
laser (i.e., without any scattering or residual facet reflection)
without gain suppression, the equivalent of (26) is (using
Ko =|x| %re/t1)

K2
Ao = [|Ki—r,
s

V1+a2sin (%— tan~! a) .7

Assuming a 100% reflection on one side of the bus
waveguide, we have K| = x| ?/z and (27) can be transformed
into:

2
Aw = ﬂ,/ |te|v/ 1+a2sin (%—tan1 a) (28)
L

For such a ring laser, the normalized facet loss is (for relatively
small x):

1
Oend”D = 1n ~ || 29
end (1—|K|2) | | ( )

Hence, we can write in analogy with (24) and with L = zD:

. + _
Aw = |C|/|re|v/1+a2sin (%—tan 1a)
|C|7L K2

denal  —In (1—x2)  =2In(t)" "

1 —x2 (30)

The normalized values of |C| given by (25) and (30) are
plotted in Figure 4 as a function of r, resp. t. Although
the normalized values are seen to be smaller for ring lasers,
the square root dependence on the external reflection re,
implies that ring lasers will generally have a higher feed-
back sensitivity. This is especially the case for external
reflections of —40dB or less, for which ro <0.01 and thus
sqrt(re) >10 re. The expression (30) also holds for non-ideal
ring lasers, provided that the coupling K> due to scattering (or
residual facet reflections) is much smaller than that due to the
external reflection. For microdisk lasers as in [2], the value of
t is typically of the order of 0.98 — 0.99.
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Fig. 4. Normalized external reflection sensitivity of a Fabry-Perot laser with
one 100% reflecting facet and one facet with field reflection ry (4) and of a
ring laser with one perfectly AR-coated facet, one 100% reflecting facet and
a coupling x (2 =1-;c2) between ring and bus waveguide (H).

16
14
12
w10
~
k)
© 8
O
= 6
2
< 4
> !
0.5 i 15 2 2:5 3 25 4
Current [mA]
Fig. 5. Change in optical pulsation (Aw) due to external reflections as a

function of bias current. Black curve: re = 10_2, grey curve: re = 5 10-3.

B. The High Power Limit

In this case, we can make use of (23). We first consider an
ideal ring or disk laser, for which K, = 0 and K| = |«| */7
and without the external feedback. From (23) we find:

Aw = |Clrev/ 1402 sin (¢1+a}re— tan ™! a)

IClz 2k 1
Oendl T —In (I—Kz) 1. € GoScw
(-7

- 2In(t) &'GoScwrL’ 3D
Since 1 is typically of the order of ps or sub-ps, and
&'GoScw is of the order of 109! the last factor in 3D
is 100 or more. For values of t* larger than 99% (i.e. x>
smaller than 1%), the normalized value of C can be smaller
than that of an equivalent Fabry-Perot laser (in both cases at
the expense of the efficiency). For larger values of x, ring or
disk lasers will have a worse feedback sensitivity though. The
approximation (31) is valid as long as re < (EG()Scw‘L'L/ZKZ)Z.
For a microdisk laser with k2 = 1%, 10um diameter and
£GoScw = 10'%~1 this gives re <0.025 or Re <6. 1074,
Figure 5 shows Aw obtained from a numerical time domain
solution of the rate equations as a function of the bias current
for microdisk lasers with a 10zm diameter and x% = 0.01.
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The bus waveguide has on one side a 100% reflecting facet
and on the other side a perfectly AR-coated facet. Two values
for 1. are considered: e =1072 and r. = 5 1073. We used
¢1 = ¢ = 0 and an a-factor of —5 to obtain maximum
Aw. One can see that the reflection sensitivity decreases with
increasing bias current (or power) in both cases, and that at
low bias Aw increases proportional with the square root of
1o while at higher bias Aw is rather proportional with r.. For
values of re of 102 or below, there is of course an order of
magnitude or more difference between re and its square root.

It can also be remarked that since Aw is proportional with
KiK> at higher power levels, one can also decrease the feed-
back sensitivity of these ring or disk lasers (without affecting
the unidirectionality) by decreasing K, i.e. by decreasing the
reflection R; (which we assumed to be 100%) so far.

In the case of a non-negligible K, (e.g. caused by a
facet reflection ), a reflection sensitivity can be derived by
expanding K, as:

x?|

Kot (12 (1= 112 reexp (-2jore) | (32)

IV. CONCLUSION

We have shown theoretically that ring or disk lasers with
a strong reflection from one side and a weak reflection from
the other side can be operating in a unidirectional mode. At
low power levels, the ratio of powers in clockwise and counter
clockwise mode is approximately equal to the ratio of the cou-
pling coefficients between clockwise and counter clockwise
mode, while at high power levels this ratio is determined by
gain suppression and the lowest coupling coefficient.

Using the same analysis, we were also able to derive the
external feedback sensitivity of unidirectional ring lasers with
different configurations and compare it to the feedback sensi-
tivity of Faby-Perot lasers with one 100% reflecting facet and
one partially reflecting facet. In general, ring laser diodes seem
to be more sensitive to external feedback than Fabry-Perot
or DFB/DBR laser diodes. At high power levels though, the
feedback sensitivity of ring/disk lasers decreases considerably
due to gain suppression and under certain conditions it can be
better than that of conventional edge-emitting laser diodes.
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